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Abstract. We consider nonautonomous semilinear evolution equations of the form 

<n: dx 

(1) -=A(t)x + f(t,x) . 

O Here A(t) is a (possibly unbounded) linear operator acting on a real or complex Banach space X and 

■ /:lxX->Xisa (possibly nonlinear) continuous function. We assume that the linear equation J3} 

is well-posed (i.e. there exists a continuous linear evolution family {U(t, s)}(t, s )eA such that for every 
s £ R_|_ and x £ D(A(s)), the function x(t) = U(t, s)x is the uniquely determined solution of equation 
J3]l satisfying x(s) = x). Then we can consider the mild solution of the semilinear equation Q (defined 
on some interval [s, s + <5), <5 > 0) as being the solution of the integral equation 



<^ ' (2) x(t) = U(t, s)x + f U(t,r)f(T,x(r))dT 



> 



(N 



>< 



t > s 



Furthermore, if we assume also that the nonlinear function f(t, x) is jointly continuous with respect 
to t and x and Lipschitz continuous with respect to x (uniformly in t £ K+, and f(t,0) = for all 
t £ R+) we can generate a (nonlinear) evolution family {X{t, s)}(t >s )gA i m the sense that the map 
t i— )> X(l. s)x : [s, oo) — )■ X is the unique solution of equation JJj), for every x £ X and s £ R+. 

Considering the Green's operator (G/)(t) = f X(t, s)f(s)ds we prove that if the following conditions 
hold 

• the map Gf lies in L«(R + ,X) for all / £ LP(R+,X), and 

• G : L P (R+,X) — > L 9 (R_)_,X) is Lipschitz continuous, i.e. there exists K > such that 
IIG/ - Gff[|, < K\\f - g\\ p , for all f,g£ LP(R+, X) , 



, then the above mild solution will have an exponential decay. 

in 



1. Introduction 

In the last few decades, we can note an increasing research interest in the asymptotic behavior of the 
solutions of the linear differential equations 

dx 

(3) — = A(t)x , t e [0, oo) , x £ X . 

at 



where A(t) is in general an unbounded linear operator on a Banach space X, for every fixed t. 



In the case that A(t) is a matrix continuous function, O. Perron |37) first observed a connection between 
the asymptotic behavior of the solutions of the above equation and the properties of the differential 
operator 4r — A(t) as an operator on the space Cb(R + ,M") of i?"-valued, bounded and continuous 
functions on the half-line M+. 

This result became a milestone for many works on the qualitative theory of solutions of differential 
equations. We refer the reader to the monograph by Massera and Schaifer [25], and Daleckij and Krein 
[11] for a characterization of the exponential dichotomy of the solutions of the above equation in terms 
of surjectiveness of the differential operator 4? — Alt) in the case of bounded A(t) and by Levitan and 
Zhikov [23] for an extension to the infinite-dimensional setting for equations defined on the whole line. 

Recently, there is a lot of work done in the study of the asymptotic behavior of the solutions of 
differential equations in Banach spaces, in particular in the unbounded case (see e.g., [T3J [32 , 38, 39] [47]). 

Also, there is an increasing interest "applications-wise" for the Cauchy problems associated with the 
above evolution equations since many physical situations can be interpreted as Cauchy problems by 
choosing the "right" state space. Among the physical equations which are eligible for such an approach 
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we can mention heat equation, Schrodinger equation, certain population equations, Maxwell's equations, 
wave equation, and also seemingly unrelated problems such as delay equations, Markov processes or 
Boltzmann's equations. 

In the present paper, we will continue the approach initiated by Perron for semilinear nonautonomous 
evolution equations of the form 

(4) ^=A(t)x + f(t,x). 

Here A(t) is a (possibly unbounded) linear operator acting on a real or complex Banach space X and 
/:lxX->Xisa (possibly nonlinear) continuous function. Following pQ, we assume that the linear 
equation (J3j) is well-posed (i.e. there exists a continuous linear evolution family {U(t, s)}(t jS )eA such that 
for every s G R+ and x G D(A(s)), the function x(t) = U(t,s)x is the uniquely determined solution of 
equation (|3J) satisfying x(s) = x). Then we can consider the mild solution of the semilinear equation 
(@| (defined on some interval [s, s + 8), S > 0) as being the solution of the integral equation 

(5) x(t) = U(t,s)x + J U(t,r)f(T,x(r))dr , t>s, 

Furthermore, if we assume also that the nonlinear function f(t,x) is jointly continuous with respect 
to t and x and Lipschitz continuous with respect to x (uniformly in t G R + , and /(i, 0) = for all 
t G R+) we can generate a (nonlinear) evolution family {X(t, s)}r t )S )eA ? m the sense that the map 
t M> X(t, s)x : [s, oo) — > X is the unique solution of equation ©, for every x G X and s G R+. 

Considering the Green's operator (G/)(i) = f Q X(t, s)f(s)ds we prove that if the following conditions 
hold 

• the map G/ lies in L^(R + ,X) for all / G L P (R+,X), and 

• G : L P (R + ,X) — > L 9 (R + ,X) is Lipschitz continuous, i.e. there exists K > such that 

||G/-G 5 || g <A-||/- 5 ||p , forall/, 5 Gi7(R + ,X) , 

then the above mild solution will have an exponential decay. 

It is worth to note that, although the autonomous case (i.e. time invariant evolution equations), 
was much more analyzed than the nonautonomous case, the latter one often arises quite naturally, not 
only in physics and mechanics, but also in the mathematical theory of differential equations when one 
linearizes an autonomous equation along a nonstationary solution. For particular cases of autonomous 
evolution equations arising from the linearization along a compact invariant manifold it has been shown 
(see e.g. [43]) that one can define a skew- product scmiflow which allows to apply the methods of classical 
dynamical systems to the underlying time-dependent equations. 

For the case of a time-invariant linear part of equation (jj) the existence problem for solutions has been 
investigated by many authors (see e.g. [TSJ [THJ [Ml 1331 [35 (33 [33 HE] and the references therein). 

2. Semilinear evolution equations. Examples 

First, let us recall some notations and definitions. Throughout this paper, X will denote a Banach 
space, R the set of all real numbers, R+ the subset of all nonnegative real numbers and put A = {(t, s) G 
R+ : t > s}. If Y denotes also a Banach space, then the set of all maps T : X — > Y such that 

||T|| Kp := inf{M > : \\Tx - Ty\\ < M\\x - y\\ , for all x, y G X} < oo . 

will be denoted by Lip(X, Y). Also, if X = Y we will put simply Lip(X) instead of Lip(X, X). It is easy 
to see that (Lip(X), || • ||jj P ) is a seminormed vector space which has the property 

||T o S\\ Hp < ||T|| Mp ||5|| iip for all T, S G Lip(X) . 

For a given interval J of the real line, we denote by 

L p (J, X) = {/ : J -> X : / is measurable and / \\f(t)\\ p dt < oo} , 

Jj 

for all p G [1, oo) and by 

L°°(J,X) = {/ : J -4 X : / is measurable and esssup < oo}. 

teJ 
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It is well-known that L P (]J, X), L°°(J, X) are Banach spaces endowed with the norms 

II/IIp=(/||/WIP^ 

H/lloo = ess sup , 

respectively. 

Definition 2.1. A family {X(t, s)}(t, s )eA of (possibly nonlinear) operators acting on X is called an 
evolution family if it satisfies the following conditions: 

(ei) X(t,t)x = x for all t > and 16X; 

(e 2 ) X(t, s) = X(t, r) o X(r, s) for alU > r > s > 0. 
Such an evolution family is called continuous if there exist M, to > such that 

(e 3 ) ||X(t, s )|| /ip <Me"(*- s ) 

(e^) X(t, s)x is jointly continuous with respect to t, s and x.. 

If the operators X(t, s) are linear, then by (€3) they are also bounded and the family will be called a 
linear evolution family. 

Remark 2.2. Condition (63) is equivalent with the existence of some locally bounded function (f such 
that 

(e 3 ) \\X(t,s)x - X(t,s)y\\ < tp(t - s)\\x - y\\ for all x,y G X. 

Indeed, if (63) holds one can take ip(t) = Me ut . Conversely, the constants M = sup tg [ y <p(t) and 
lu = max{l, lnyj(l)} satisfy (63). 

Definition 2.3. The linear equation ([3]) is said to be well-posed if there exists a continuous linear 
evolution family {U(t, s)}(t, s )eA sucn that for every s G M+ and x G I?(A(s)), the function x(t) = U(t, s)x 
is the uniquely determined solution of equation (J3)) satisfying x(s) — x. 

Definition 2.4. Suppose the linear equation ^ is well-posed. Then, every solution x(t) (dchned on 
some interval [s, s + S), 6 > 0) of the integral equation 

(6) x(t) = U(t,s)x+ [ U(t,r)f(T,x(r))dr , t>s, 

J s 

is called a mild solution of the semilinear equation Q starting from x at t = s. Furthermore, equation 
(TJ| is said to generate an evolution family {X(t, s)}( t jS )<=a if f° r every i£l and s G R + , the map 

1 1 — ^ X(t, s)x : [s, 00) — > X is the unique solution of equation (jB]). 

Proposition 2.5. Suppose the following conditions are satisfied: 

(i) TTie linear equation ([3]) is well-posed; 

(ii) TTie nonlinear function f(t,x) is jointly continuous with respect to t and x and Lipschitz contin- 
uous with respect to x, uniformly in t G M +7 and /(t, 0) = for all t G K+. 

Then, the semilinear equation ^ generates a continuous evolution family. 

Proof. Using standard arguments, see for instance [H] it can be shown that the equation (fj| generates 
an evolution family. Moreover, from [53], it follows that X(t,s)x is jointly continuous with respect to t, 
s and x. We show briefly bellow that X(t, s)x also fulfill condition (63) in Definition 12.11 We have that 

\\X(t, s)x - X(t, s)y\\ < \\U(t, s)x - U(t, s)y\\ + J \\U(t, Oil x & s ) x ) ~ /(^ ^(C, 

< Ke^^Wx - y\\ + J Ke^-®L\\X{t, s)x - X(£, s)y\\d£ , 

where L is a Lipschitz constant of f(t, x) with respect to x and K, lu stem from the well-posedness of the 
linear equation ([3J and for convenience choose u) to be positive. Applying Gronwall's Lemma we get 

\\X(t, S )x-X(t,s)y\\ <Ke^+ KL ^\\x-y\\ , 

for any (t, s) G A and x,y E X. 

□ 
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Remark 2.6. It is worth to note that one of the goals with respect to the asymptotic behavior of 
solutions of the equation Q is also to point out conditions for that equation to admit invariant (stable, 
unstable or center) manifolds (see, e.g., [TJ [3j [Til EH Ell EH US US] ) ■ As far as we know, the most popular 
conditions for the existence of invariant manifolds are the exponential stability, dichotomy of the linear 
part ([3]) and the uniform Lipschitz continuity of the nonlinear part f(t, x) with sufficiently small Lipschitz 
constants (i.e., \\f(t, x) — f(t, y)\\ < M\\x — y\\ for M small enough). Moreover, the manifolds considered 
in the existing literature are mostly constituted by trajectories of solutions bounded on the positive (or 
negative) half-line. We refer the reader to [U [31 [T31 [THl HZJ SS] and references therein for more details 
on this topic. 

Example 2.7. For a given continuous map h : R — > [1/2, 1] consider the differential equation on R 

(7) u(t) = h(u(t)) . 

We claim that this equation leads to a continuous evolution family. 
Indeed, consider the map H : R — > R given by 

ds 



H(t) = f 
Jo 



h(s) 



One can easily check that 

\u-v\< \H{u) - H(v)\ < 2\u - v\ 
for all u,uel. It follows that H is bijective and so it is easy to see that 
(8) X(t,s):R^R , X(t,s)x = H~\t - s + H(x)) 

is an evolution family which has the property (e^). Also, we have 

\X(t, a)x - X(t, s)y\ = \H-\t - s + H{x)) - IT\t - s + H(y))\ 
<\(t-s + H(x))-(t-s + H(y))\ 

<\x-y\ , 

for all (t, s) G A and all Thus we obtain that {X(t, s)}( t s ) S A is a continuous evolution family on 



Example 2.8. Consider h : R — >• R continuously differentiable with h! £ L°°(R,R) and the problem 
(9) 



du , , du , 
ld~x = ~dx = 
If we denote x(t) = u{ ■ , t), the problem © is equivalent to 

(10) x(t)=Ax(t)+f(x(t)), 

where A : D(A) C L 2 ([0,1],R) -> i 2 ([0,l],R), D(A) is defined as the set of all functions z £ L 2 ([0,1],R) 
such that z,z' are absolutely continuous with z" £ L 2 ([0, 1],R) and ^'(0) = z'(l) = 1, and for each 
z £ D(A), we define Az = z". 

Also we consider B : L 2 ([0, 1],R) — > L 2 ([0, 1],R) which is given by Bz — ho z. It is well known that 
A generates a strongly continuous semigroup of linear operators {T(t)} t >o in L 2 ([0, 1], R). And it is easy 
to check that B is Lipschitz continuous. 

By Example 1 2. 71 it is clear that the equation ([Tu]). as an abstract variant of @, generates a continuous 
evolution family. 

For {X(t, s)}(j, s )gA an evolution family, the trajectory determined by to £ R+ and xq £ X will be 
denoted by 



(11) u tD)X :R+->X , ttt 0jX (t) 

Definition 2.9. An evolution family {X(t, s)}(t ;S ) e A i s sam to be 



X(t,t )x , t>to 
, < t < t 
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(u.e.s.) uniformly exponentially stable, if there exist N, v > such that 

(12) \\X(t,s)\\ Hp < Ne-^ 1 -^ , for all (t,s) G A ; 
(u.s.) uniformly stable if there exists N > such that 

(13) \\X(t,s)\\ Up < N , for all (t,«) G A ; 

(a.s.) asymptotically stable if all its trajectories are decaying to zero, i.e. 

(14) lim u to . Xo (t) = , for all t G R+ and x G X . 

t— >oo 

We will need in the next the following additional lemma. 

Lemma 2.10. Let {X(t, s)}( t ,s)eA be a continuous evolution family on X. Then, the function s 
X(t, s)f(s) : R + — > X is locally integrable provided that f : R + — > X is locally integrable. 

Proof. This claim follows easily using conditions (e2), {e^) and (e±) of {X(i, s)}(t jS )<=A : 

f \\X{t, s)f(s) - X(t, 0)f(0)\\ds < [ \\X(t, s)f(s) - X{t, s)X(s, 0)/(0)||da 

(15) Jo Jo 

<Me wt / (||/(*)|| + ||X( a ,0)/(0)||)ds 
Jo 

which holds for any t G R + . □ 
Given a continuous evolution family {X(t, s)}(t, s )eA ; we will denote by G the Green's operator 

(16) G:LUR + ,X)^£ ; 1 oc (R+,X) ; (G/)(t)= / X(t,s)f(s)ds . 

Jo 

(where L / 1 oc (R + ,X) denotes the space of all locally integrable functions from R + into X). Set now 

A x = {X[a,b] u to,x ■ x G X, t > 0, < a < b} , 

where X[a,b] denotes the characteristic function of the interval [a, b]. Then, Ax is contained in L P (R + , X), 
for every p G [1, oo]. 

Definition 2.11. The pair (£ P (R+, X), L^(R+, X)) is said to be admissible to {X(t, s)}( M ) eA if the 
following conditions hold 

• the map G/ lies in i 9 (R+, X) for all / G L P (R+,X), and 

• G : L P (R + ,X) — ► L 9 (M + ,X) is Lipschitz continuous, i.e. there exists K > such that 

||G/-G 5 || ? <K||/- 5 || P , for all eL*(R+,X) . 

3. Main results 
Lemma 3.1. Let ft G L 9 (R+,M) ; q G [l,oo] sucft that ft(0) > 0. J/ 

ft(r) < m ft(t) , /or a/Z re [i, i + 1] and for all t > , 
tften, ft G L oc (R+,M) and \\h\loo < mft(0) + m||ft|| ? . 

Proof. Let r > 1. Since ft(r) < mh(t) for all f G [r — 1, r], it follows that 



f ft(i), 



ft(r) < m / ft(t)di < m 



If r G [0, 1], from the hypothesis we have that ft(r) < mft(0). Therefore, 

ft(r) <m(ft(0) + ||ft|| 9 ) , 

for every r > 0, and the above claim follows immediately. □ 

Lemma 3.2. Let g : A — > R + be a function with the following properties: 
i) g(t,t ) < g{t,s)g(s 7 t ), for all t > s > t ; 
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ii) there exist M, d > and c G (0, 1) satisfying 

g(t, to) < M, for all t E [to, to + d] , to > and 
g{t + d, t ) < c , for all t > . 
Then, there exist N, v > such that 

g(t,t ) < Ne" v{t ~ to) , for allt > t > . 
Proof. Let (t, to) G A and n = [^j 11 ] ■ Then, we have that 

g(t, t ) < g(t, t Q + nd)g(t Q + nd, t ) < g(t, t a + nd)c n 
< Mc n = Me- Vnd < Ne'^-^ , 
where v = -\ In c, N = Me vd . □ 

Next we define the functions a p ,b p : R + — >• M given by 

%,(*) = { ' P€[1 '° 0) ,M*) = IIX[o,]IIp = { f ' r [1,0O) 

^ t ,p = oo [_ 1 , p = oo. 

Remark 3.3. One can easily check that 

t +t 

I ||/( S )||ds<a p (t)||/|| p , 

to 

for all t, to > and / G £ P (R+, X). 

Theorem 3.4. Let {X (t, s)}(t iS ) £ A ^ e a continuous evolution family andp,g £ [1, co] smc/i t/iot (p, g) ^ 
(l,oo). If the pair (L P (M. + , X), L 9 (R + , X)) is admissible to {X(t, s)}( ts ) S A » {^(M)}(ts)eA * s 

uniformly exponentially stable. 

Proof. Let to > 0, cci, X2 S X and f±, f 2 : R+ — > X given by 

(17) / i (f) = ( X ^* ^ [to, to + 1] >i = 1 , 2 . 

Clearly, / 1; / 2 e Ax with ||/i - f 2 \\ p < Me"\\ Xl - x 2 \\ and 

t to + l 

(G/i)(t)= [ X(t,s)fi(s)ds= { X(t,s)X(s,to)x i ds = X(t,t )x i =u to , Xi (t) , 



to 

for all t > to + 1, i = 1, 2. For t G [to, to + 1], we have that 

\\u to , Xl (t) - u to , X2 {t)\\ < \\X(t,to)\\ Hp \\xi-x 2 \\ < Me"\\xi-x 2 \\ . 
It follows that Ut ,xi — u t ,x 2 S L 9 (R + ,X) and 

llwto.xj - "to^ll? <Me w ||xi — rc 2 || + - G/ 2 ) X[f +i,oo)ll<? 

< Merlin- a; 2 || + HGA-G/2H, 
(1 } <Me UJ \\x 1 -x 2 \\+K\\f 1 - f 2 \\ p 

<(K+l)Me w \\ Xl -x 2 \\. 

Let us define the map h : M+ -» R+, /i(t) = ||ttt ,xi(*o + *) - u tn . X2 {to +*)[|- Then, ti G L 9 (R+,R) with 
11% = IK,*i -"to.zJg < (^ + l)Me t0 ||xi -sal, and 

fc(r) = || X (to + r, to + t)X(t + 1, t )xi -X(t + r, t + t)X(t + 1, t )x 2 \\ 

< \\X(t + r,t + t)\\ Hp \\X{to + t, t )xx - X(t + t, t Q )x 2 \\ 

< Me w(r-i) /i(t) < Me u h(t) , < t < r < t + 1 . 
By Lemma [Owe obtain that h G L°°(K + ,K) and 

INU < Me"||/i|| 9 + Me w ti(0) < (X + l)M 2 e 2u \\x 1 - x 2 \\ + Me"\\x x - x 2 \\ 
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Now we have that there exists C > such that 

\\X(t,s)x 1 -X(t,s)x 2 \\<C\\x 1 -x 2 \\ , 
for all (t, s) € A and X1X2 6 X and hence 

(19) \\X(t,s)\\ lip <C , for all (t, s) G A . 
Consider again a;i, x 2 G X, t > 0, <5 > 0, /3, / 4 : M + — X given by 

(20) /<(t) = S X ^><- 2 .*e[tb,to + fl 

\o , teH+\Mo + <5] 

Then / 3 ,/ 4 G Ax with ||/ 3 - / 4 || p < C6 p (<5)||xi - x 2 \\ and 

t t 
(Gfi)(t)= { X(t,s)fi{s)ds= { X(t,s)X(s,t )xi- 2 ds= (t-t )U(t,t )xi-2 



for all t G [to, t + 5], i = 3, 4. Using the last equality we have that 

t +<5 

s 2 r 

—\\X(to + S,t )x 1 -X{to + S,t )x 2 \\ = / {t-t )\\X{to + S,to)x 1 -X(t + S,t )x 2 \\dt 

to 

t +S 

<C J (t-t )\\X(t,to)x 1 -X{t,t )x 2 \\dt 
to 

t +S 

( 21 ) =C y ||(G/ 3 )(*)-(G/ 4 )(t)||eZt 

to 

<Ca q (S)\\Gf 3 -Gf 4 \\ q 
<KCa q {5)\\h- U\\ p 
<KC 2 a q {8)b p {5)\\x x -x 2 \\ 
KC 2 5 2 



It follows that 



\\X(t +8,t )\\ Hp < 



a p (5)b q (S) 

2KC 2 



Xi - x 2 . 



up "= a p (<5)6 ? (5) ' 

for all to > 0, S > 0. Since (p, q) ^ (l,oo), we have that lim a p (S)b q (S) = oo, and therefore we can 

8— too 

choose d > such that 

(22) \\X(t + d,t )\\ Hp < X - , 

for all to > 0. Applying Lemma \'S. 2 1 to the map g : A — 5- M + , defined by g(t,s) = \\U(t, s) \\u p we obtain 
that {X(t, s)}({ jS )gA is uniformly exponentially stable. 

□ 

Theorem 3.5. TTie pair (L 1 (R + , X), L°°(R_|_, X)) is admissible to the continuous evolution family {X(t, s)}( ttS )eA 
if and only if the following statements hold 

(i) there exists ip G X 1 (R+,X) such that G^> G L°°(R + ,X) ; and 
(ii) there exists N > such that \\X(t,s)\\n p < N, for all (t, s) G A. 

Proof. The necessity follows from the proof of Theorem 13.41 since we proved ()19|) without the (p, q) 
(l,oo) assumption. 
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Sufficiency. Let / G L°°(R+,X). Since V G L 1 {R+,X) and / G i 1 (M+,X), we have that 



(23) 



||(G^)(t)-(G/)(t)||< / \\X(t,s)^(s)-X(t,s)f(s)\\ds 
o 

t 

< f \\X(t,s)\\ Hp \\i,(s)-f(s)\\ds 







<iV / |^(s)-/(*)||ds 



<JV||^-/||i , 

for all t > 0, which implies that Gf G L°°(R+,X). 

It remains to prove that G : L 1 (R + ,X) -> L°°(R + ,X) is Lipschitz continuous. But, using similar 
arguments as in (|23|) . we obtain that 

(24) ||G/i - Gg\\ Laa{R+iX) <N\\f- <?|Ui (K+ , x) , 

for all /, 5 e i 1 (R+,X). □ 

Remark 3.6. Theorem 13.51 extends a similar result for linear equations (see e.g. [71 US]). Note that in 
the linear case, condition (ii) is automatically satisfied. 

In the following theorem we try to answer concerns regarding the converse of what was obtained in The- 
orem l3.4l With elementary arguments we can show that the admissibility of the pair (L P (R + , X), L g (R + , X)) 
with p < q is a necessary condition for the uniform exponential stability of a continuous evolution family. 
The idea is based on the use of Fubini's theorem, Holder's inequality and the observation that if / G 
£P(K+,X) ni«(R+,X), then / G L r (R+,X) with ||/|| r < max{||/|| p , for any 1 < p < r < q < oo. 

Theorem 3.7. Let {X(t, s)}(t, s )eA ^ e a continuous evolution family and 1 < p < q < oo. 
Then, the pair (L P (R + , X), L q (M. + , X)) is admissible to s)}(t,s)eA provided that 

i) there is a function ip G L P (R+,X) such that Gip G L 9 (R+, X), and 

ii) {X(t,s)}( t .s)eA is uniformly exponentially stable. 

Proof. Let N, v > be like in Definition |2"U1 Fix arbitrarily f,g E L P (R+,X). We have that 

\\(Gf)(t) - (Gg)(t)\\ < f \\X(t,s)(f(s)-g(s))\\ds< [ \\X(t,s)\\ Hp \\f(s)-g(s)\\ds 

Jo Jo 

< N [ e- v ^\\f(s)-g( S )\\d S 
Jo 

Consider h, H : M + -)■ R + given by h(t) = \\f(t) - g(t)\\ and 

(25) H{t) = f e- u[t ~ s) h(s)ds 



for any t G R+. In what follows, we will prove that if h G L P (R+,R) then H G i«(R+,R) (in the 
hypothesis 1 < p < q < oo). 

Case 1. If p = oo, then q — oo and since 



H{t) < ( e-^*- s ) \\h\loods < \\h\loo f e- VT dr<-\ 
Jo Jo v 



h\\ 



for all t £ R + , it follows that H G L°°(R + ,R) with \\H\loa < i||ft||oo- 
Case 2. If p = 1 , note that 

H{t)= f e~ v{t - s] h{s)ds< f h(s)ds < \\h\\i 
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for all t£f + and thus H E L°°(R + ,M) with H-ffHoo < ||/i||i. Also, using Fubini's theorem we have that 

roc poo rt poo poo 

/ H(t)dt = e-^ t ~^h(s)dsdt= / / e-^ t - s ^h{s)dtds 

JO Jo Jo Jo Js 

poo poo poo p — vs 

= / e vs h{s) / e- vt dtds= / e vs h{s) ds 

Jo Js Jo v 

= Vii,, 

V 

which implies that H E L 1 (R+,R) with < £||ft||i. Then, H E L«(R+,R) and \\H\\ q < max{l, l/v}\\h 

Case 3. If p G (l,oo), let p' G (1 
For any t E R+, we can write down 

m <(£*r*y' j , W)1/P , 

We obtained that if e i°°(R + ,R) and (jif^ < {vp')- 1 ^' \\h\\ p . Next, we prove that if E i p (R+ 
Via Holder's inequality, we have that 

/ e- v{t - s) h{s)ds = f e- ua{t - s) e- vl3{t - s) h{s)ds 
Jo Jo 

< e ~" aP ' {t ~ S)ds ) (^j\- vMt - s) h{s)ds^j 



Case 3. If p G (1, oo), let p' E (1, oo) such that ± + ± = 1 and let a, /3 G (0, 1) such that a + fi = 1. 

< . . .,. 11% . 



Then, denoting C := (^ap') 1 p > 0, we can write down 

rt \ P /-oo r t 



Jo 



< POO / ft \ V POO ft 

H{tfdt = / (/ e _I/( *~ s) /i(s)ds J dt < C / e'^^-^hisfds dt 
Jo \Jo J Jo Jo 



£ IS 1 "" 1 ' 

(the last step follows similarly to Case 2, using Fubini's theorem). From here, it follows that if e 
LP(R+,R) with \\H\\ p < C 1 / p (v/3p)- 1 / p \\h\\ p . Therefore, if E L 9 (R+,R) and wc have that \\H\\ q < 
max{(^')- 1 /p',C 1 / p (^39)- 1 / p }||/i||p. 

In any case, we obtained that if E i 9 (R + , R) (provided that h E i p (R+, R)) and the existence of some 
K > (independent of h) such that \\H\\ q < K\\h\\ p . 

To complete the proof, note that from (a) we have that ip — f E L P (R+,X) and Gtp E L 9 (R + ,X); in 
virtue of all above we obtain that Gip — Gf E L q (R + , X) (no matter how we take / E L P (R + , X)). More- 
over, we can state that \\Gf-Gg\\ q < K\\f-g\\ p , for all f,g E L P (R+,X). Hence, G E Lip(LP(R + , X), i«(R+ 

□ 

Theorem 3.8. If the pair (L 1 (R + , X), ig°(R + , X)) is admissible to the continuous evolution family 
{X(t, s)}(t, s )gA ; then {X(t, s)}( t .s)eA * s asymptotically stable. 

Proof. Let x E X, to E R+ and consider the function / : R + — > X 

'x(t,to)x , t E [t ,to + l] 
, t GK+\[*o,to + l] 

We have that / E i 1 (M + ,X) and note that 



/(*) 



rto+l 

(Gf)(t) = / X(t, s)X(s, t )xds = u to , x (t) 

J to 



for all t > t + 1. Since G/ 6 Lg°(R+,X), we get that lim^oo w to , x (i) = 0. 

□ 
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4. Applications 

In this section as a model for applications of the obtained results in the previous section we consider 
equations of the form 

du(t,x) d 2 u(t,x) 



dt ~ dx 2 
du(t, x) 



g{t,u(t,x)), t > 0,x G (O.tt), 



= 0, X = 0,TT, 

where u(t, x) is a scalar function of (t, x) G R + x R, g(t,y) is uniformly Lipschitz continuous in y G R, 
and ,g(-,0) G L r (R + ,X) with 1 < r < oo. This equation can be re-written in the following abstract form 
in a Banach space X 

(26) 4«(*) = Au 0) + 

at 

where ! = W/ 2 ' 2 (0, tt) : v' = at x = 0, tt}, Aw = d 2 /dx 2 on X, u(t)) = g(t, u(t, •))• As is well 
known, (actually, an extension of) A generates a strongly continuous analytic semigroup in X that we 
denote by (T(t)) t > . By a standard argument (see e.g. Q]), we can prove that (|2"oT) generates a continuous 
evolution family {X(t, s)}^,s)<eA in X that is determined from the equation 

(27) X(t, s)x = T(t - s)x + J T(t- £)G(£, X(£, s)x)d£, for all t > s > 0. 

Theorem 4.1. Assume that the pair (L P (R + , X), L 9 (R + , X)) is admissible to the continuous evolution 
family {X(t, s)}(t, s )eA' Then there exists a mild solution u G Z/(R + ,X) of V2b}) that attracts all other 
mild solutions of the equations at exponential rate. 

Proof. Let us consider the evolution semigroup (T h )h>o in L r (R + , X) associated with the linear equations 



(28) [T h f](t) 



jT(h)f(t-h), iih<t 
| 0, if < t < h, 



for all / G Iv r (R + ,X). Since 1 < r < oo, this semigroup is strongly continuous (see e.g. [S1[3S]). Let us 
denote by C the generator of this semigroup. As is well known (see e.g. [H]), u G D{C) and Cu = —f if 
and only if 

(29) u{t) 



Jo 



Consider the operator C + Q on L r (R + ,X), where Q is the Nemytsky operator associated with G, defined 
as Z7(R + ,X) :3 <j>{-) ^ G(-, </>(•)) G L r (R+,X). Note that under the assumption on g, the Nemytsky 
operator acts in L r (R + , X) as a Lipschitz continuous operator. So, in the same way as in [T], we can show 
that the operator C + Q associated with J26j) generates a strongly continuous semigroup (S(h))h>o in 
17 (R + ,X) that is referred to as the evolution semigroup associated with (|2"o) . Moreover, this semigroup 
is determined by 



(30) [S(h)f](t) 



X(t,t-h)f(t-h), i£h<t 
0, if < t < h. 



for all / G Z7(R+,X). By the admissibility of the pair (L P (R+, X), L«(R+, X)), {X(t, s)} (t , s ) eA is expo- 
nentially stable. This implies the strict contraction of S(h) for sufficiently large h. In fact, 

\\S(h)<l>-S{h)i>\\r < Ne- ah \\<p-<<p\\ r 

for all <f>,tj} G L r (R + ,X). Therefore, if h is sufficiently large Ne~ ah < 1. Let us fix a sufficiently large 
integer n . This yields that S(n Q ) has a unique fixed point if G L r . Since S(h) commutes with 5 (no) for 
all h > 0, it is easy to see that tp is the unique common fixed point for the entire semigroup (S'(/i))? l >o. 
This implies that (C + Q)(p — 0. So, Cip — —Q(f, and by the formula (|2"9")l . we have 

ip(t)= [ T(t-Z)G(ZMZ))dt, *>0. 
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This means that <p € L r (R + ,X) is a mild solution starting at zero of ([25]) . so (pit) = X(t, 0)0. Now 
we show that this solution attracts all other solutions at exponential rate. In fact, every other solution 
starting, say, at x E X is of the form X(t, 0)x. Therefore, 

\\X(t,0)x- X(t,0)0\\ < iVe" Qt ||x||, t > 0. 

This completes the proof of the theorem. □ 

Before concluding this section we give an application of Theorem 13.51 

Proposition 4.2. Let the pair (L 1 (R + , X), X)) be admissible to the continuous evolution family 

{X(t, s)}(t , s )eA (generated by H26\)). Moreover, assume that g(t,0) = for all t > 0. Then every mild 
solution u of \26)) is bounded. 

Proof. Obviously, the u(t) — is the trivial mild solution of ([26]) . Therefore, for every mild solution 

u(t) = X(t, s)x, where x S X, we have 

|Kt)|| = \\X{t,s)x\\ = \\X(t,s)x- X(t,s)0\\ < \\X(t,s)\\ lip \\x\\ <N\\x\\ for all f > 0, 
where N is a positive number whose existence is guaranteed by Theorem 13.51 □ 
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